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Abstract. We study a Lie algebra type k-deformed space with an undeformed rotation algebra and com-
mutative vector-like Dirac derivatives in a covariant way. The space deformation depends on an arbitrary
vector. Infinitely many covariant realizations in terms of commuting coordinates of undeformed space and
their derivatives are constructed. The corresponding coproducts and star products are found and related in
a new way. All covariant realizations are physically equivalent. Specially, a few simple realizations are found
and discussed. The scalar fields, invariants and the notion of invariant integration is discussed in the natural

realization.

1 Introduction

In the previous decade there has been growing interest in
the formulation of physical theories defined on noncommu-
tative (NC) spaces. The consistency of such theories and
their implications were studied in [1-9]. It is important
to classify the NC spaces and investigate their properties,
and, particularly, to develop a unifying approach to a gen-
eralized theory for such spaces that is convenient for physi-
cal applications. The notion of generalized symmetries and
their role in the analysis of NC spaces is also crucial. In
order to make a contribution in this direction, we analyze
a NC space of the Lie algebra type, in particular the so-
called k-deformed space introduced in [10-12].

For simplicity, we restrict our attention to x-deformed
FEuclidean space, although the analysis can easily be ex-
tended to k-deformed Minkowski space. The noncommu-
tativity of the coordinates depends on a deformation pa-
rameter, which is an arbitrary vector a € R™. The dimen-
sional parameter |a| = 1/k has a very small length, which
yields the undeformed Euclidean space in the limit |a] — 0.
The NC coordinates and the generators of the generalized
rotations form an extended Lie algebra. The subalgebra
formed by the rotation generators is the ordinary SO, (n)
algebra, i.e. the ordinary Lorentz algebra in the case of k-
deformed Minkowski space. Dirac derivatives are assumed
to commute mutually and transform as a vector represen-
tation under the SOg4(n) algebra. This k-deformed space
was studied by different groups, from both the mathe-
matical and physical point of view [13—35]. There is also
an interesting connection to the doubly special relativity
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program [19-22]. Realizations of NC spaces in terms of
commutative coordinates and derivative operators have
been obtained and discussed in the cases of symmetric or-
dering and normal (left and right) ordering of NC coordi-
nates [17,27]. An infinite family of noncovariant realiza-
tions was found in [28]. Although a single space may be
realized in many different ways, physical results do not de-
pend on concrete realizations, i.e. on the orderings [31].

Our aim in this paper is to construct covariant realiza-
tions for general k-deformed Euclidean spaces depending
on an arbitrary deformation vector a. We analyze such
spaces by using the methods developed for deformed single
and multimode oscillators in the Fock space representa-
tions [37-51]. In particular, we use the methods for con-
structing deformed creation and annihilation operators in
terms of ordinary bosonic multimode oscillators, i.e. a kind
of bosonization [37-39,48]. Also, we employ the construc-
tion of transition number operators and, in general, the
construction of generators as proposed in [39-42,47].

The simple connection between creation and annihila-
tion operators with NC coordinates and Dirac derivatives
is established by using a Bargman type representation. We
find infinitely many new covariant realizations in terms of
commutative coordinates and derivative operators. The re-
alizations depend on certain parameter functions, but they
can all be treated on an equal footing, and the physical re-
sults do not depend on them. For a special choice of the
parameter functions we obtain some particularly simple
realizations: covariant left, right and natural realizations.
These realizations are considered in detail, and a coprod-
uct and star product are associated to each of them.

The outline of the paper is as follows. In Sect. 2 we in-
troduce a Lie algebra type of k-deformed Euclidean space.
We also define the rotation algebra SOg4(n) that is com-
patible with x-deformations, and we introduce the Dirac
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derivative and the Laplace operator. The shift operator,
which plays an important role in describing the algebra
generated by NC coordinates, the rotation generators and
the Dirac derivative are also introduced. Special considera-
tion is given to the generalized Leibniz rule and coproduct.
We derive expressions for the coproduct of the rotation
generators and the Dirac derivative, and of the left and
right deformations of the ordinary derivative. Section 3
deals with covariant realizations of the k-deformed Eu-
clidean space and the operators introduced in Sect. 2. We
find an infinite family of covariant realizations in terms of
commutative coordinates and derivative operators. In par-
ticular, we obtain two types of realizations (type I and type
IT), which depend on an arbitrary parameter function (.
For special choices of ¢, we construct particularly simple
covariant realizations: left, right, symmetric and natural
realizations. In Sect. 4 we consider the star product for the
realizations discussed in Sect. 3. A general formula for the
star product is given to second order in the deformation
parameter a, and closed form expressions are obtained in
the left, right and symmetric realizations. We also intro-
duce the notion of equivalent star products, using similar-
ity transformations. We show that any star product in the
realization of type I can be obtained from the star product
in the right realization using similarity transformations. In
Sect. 4.4 we introduce scalar fields in NC coordinates and
demonstrate their simple properties in terms of the natural
realization. Constructions of invariants and the invariant
integration on NC spaces are also presented. Finally, in
Sect. 5 a brief conclusion is given.

2 Kappa-deformed Euclidean space

Consider a Lie algebra type noncommutative (NC) space
generated by coordinates i1,Zs,...,Z, satisfying the
commutation relations

[, &) = i(apdy — avy) (1)

where p,v=1,... ,n and a1,as,...,a, are the compo-
nents of a vector a € R™ that describes a deformation of the
Euclidean space [25—28]. The structure constants are given
by

CW,\:aM(S,,,\—a,,(SM. (2)

In the limit a — 0, we have £,, — x,,, the ordinary commu-
tative coordinates.

Let SO, (n) be the ordinary rotation algebra with gen-
erators M, satisfying

My =—My,, (3)
[va MAp] = 5V>\Mup - 5uz\MVp - 5VPMM/\ + 5upMV>\ (
4

We require that the rotation generators M,,,, and the coor-
dinates £, form an extended Lie algebra. The most general
form of the commutator [M,,,,Zx] must be linear in M,
and ), antisymmetric in the indices p and v, and it must

S. Meljanac et al.: Covariant realizations of kappa-deformed space

have the smooth limit [M,,,,, ] = ,0,) — 2,0, asa — 0.
The required form is given by

[Muw fi.k] = -'%uéuk - '%V(SM)\
+isarxM,,, —it (a, Myx — a, M)
+ iuaa (Mauéuk - Mauéu)\) (5)

for some s,t,u € R, where summation over repeated in-
dices is assumed. The necessary and sufficient condition for
consistency of the extended Lie algebra is that the Jacobi
identity holds for all combinations of the generators M,,,
and Z. One can verify that this is satisfied for the unique
values of the parameters s = u = 0 and t = 1 [28]. Hence,

[MMV,CE‘,\] ::EM5VA—:%V(Sux—i(auMy,\—a,,MuA) . (6)

Having introduced the rotation algebra SO, (n), it is natu-
ral to consider the Dirac derivatives D, satisfying

[DuaDV] =0, (7)
[M;w,DA] :(SVADAL_(S#ADV' (8)

The generators M,, and D) form the undeformed ISO,(n)
algebra, i.e. the Poincaré algebra in the case of k-deformed
Minkowski space. Note that the operator D? = D,D, is
invariant under rotations since [M,,,,, D?] = 0.

We also wish to define commutation relations for D,
and z,. The consistency condition is that the Jacobi iden-
tity is satisfied for all combinations of the generators M,,,,
D and Z,,. It can be shown [28] that the correct form of the
commutator is given by

[Dy, ] = 6,\/1—a2D? +iCpuay Dy . (9)

The algebra generated by D,, and %, is a deformed Heisen-
berg algebra. We note that, in the limit a — 0, the com-
mutation relations (1), (7) and (9) yield the ordinary un-
deformed Heisenberg algebra. Hence, D,, — 0, and &, —
z, as a— 0, where 0, = 32#' Particularly, in the one-
dimensional case, n =1, (9) leads to a generalized uncer-
tainty relation with minimal length [52—54].

A function f(Z,D), where f(Z,D) denotes a for-

mal power series in the monomials Z,,%,,...%,, and
D, D,,...D,,,, issaid to be SO, (n) invariant if
M., f(2,D)]=0 forall p,v. (10)

We introduce the SO, (n) invariant Laplace operator O sat-
isfying the commutation relations

[Mul/a D] =0,
[D, iu] = 2Du .

The Laplace operator can be expressed in terms of the op-
erator D?. Let us assume the Ansatz (0= F(D?), where
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F is analytic, and impose the boundary condition of
F(D?*) — 8% as a — 0. Then (11) is automatically satisfied,
and (9) and (12) together with the boundary condition
yield

0= 52 (1—\/1—a2D2> :

(13)
It follows that

(14)

2.1 The shift operator

At this point it is convenient to introduce the shift operator
Z via the commutation relations

Z,&,] =ia,7Z ,
(Z,D,] =0.

We assume that Z — 1 in the limit a — 0. The shift opera-
tor acts on an arbitrary function f(z) by
Zf(z)=f(¢+ia)Z. (17)

We note that the inverse shift operator Z—! satisfies the
same relations as Z if a,, is replaced by —a,. The shift op-
erator can be expressed in terms of the Dirac derivative D
as follows. Using (9) and (12) one can verify that

2
{—iaD— (12 Dyi’u} = —la, (—iaD+ \/1—a2D2> , (18)

where aD = a,D,,. Inserting (13) for the Laplace operator

into (18), we obtain [Z7!,%,] = —ia,Z !, where
Z ' =—iaD++/1-a2D2. (19)
Inverting the above expression, we find
iaD 1—a2D?
7 1al) + \/ a (20)

1—a2D?+ (aD)?"

It is interesting to note that the algebra generated by
Z,, M, and D, can be described using the shift operator
Z by the relations

&, 2k, =1, 28,
Dy, &) =6, Z ' +ia,D, .
The remaining commutation relations for [M,,, My,

[M,., Z,] and [M,,,, D,] are satisfied by representing M,
in the unique way as
M,, =(&,D,—&,D,)Z. (23)

We will justify this relation later when we consider the so-
called natural realization in Sect. 3.

231

2.2 The Leibniz rule and coproduct

Now we turn our attention to the generalized Leibniz rule
and coproduct. The commutator of M,,, with an arbitrary
function f(%) is given by

[le:f] = (Muuf)+iau |:(D>\ - i;A D) Zf:| My,

—ia, KDA - i‘; D) Zf} My, .

(24)
This relation can be shown by using (6) and proceeding by
induction on the degree of the monomials in Z,,. From (24)
we obtain the coproduct for M,,,,,

AM,, =M, @1+10 M,
+iay, (DA—IC;’\D> Z® My,

—ia, (DA - “;A D) Z@My,.  (25)
Similarly, one can show that the commutator of D, with
f(&) is given by

Dy, ] = (Duf) 2~ +ia,(DaZf)Dx — “;“ (OZf)iaD;

(26)
hence we have for the coproduct
AD,=D,®Z '+1®D,+ia,(DrZ)® Dy
- i;“ 0Z®iaD. (27)

Furthermore, the coproduct for the shift operator Z is
simply
NZ=7Q7Z. (28)

Some examples of the Poincaré invariant interpretation of
NC spaces and of the twisted Poincaré coalgebra were also
considered in [55—-58].

It is interesting to note that the operators D,,, [1 and
Z can be expressed in terms of the auxiliary derivatives 8};
and 85‘ satisfying the following commutation relations:

[0, 07] =0, (29)
0%, 2] =6wZ " (30)
and
[85785] =0, (31)
[0, 2,] = 0 +1ia, 0y, . (32)

Equations (29)—(30) and (31)—(32) are consistent with the
commutation relation (1), and hence both sets of equa-
tions define a deformed Heisenberg algebra. One can think
of 8}; and 85‘ as “left” and “right” deformations of the
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ordinary derivative d,. Indeed, using the commutation re-
lations (30) and (32), one can show that the coproducts of
L R ;
0,; and 9, are given by
AOy =0, Z ' +1®0y,
A@R M1+ 2005

(33)
(34)

and {“)R aLZ Hence, the coproducts A@L and ABR
are left and rlght deformations of the ordlnary coproduct
A@i =0,®14+1Q® 8,“ respectively. In fact, the coproducts
Adf and Ay are given by (33)-(34) if and only if (30)
and (32) hold. One can show that the operators D,,, [ and
Z are expressed in terms of the left and right deformation
derivatives as

D, =0+ 'O, (35)
O=(0%)?Z, (36)

1
Z=1+i(ad")Z = | il (37)

and

D, =Rz '+ 1‘;“ O, (38)
O=0%2z71, (39)
Z =1+iad®. (40)

The algebra generated by %,, M,, and D, is covari-
ant under the action of the rotation group SO(n). Indeed,
let R € SO(n) be a rotation matrix, and let us denote
the transformed variables by :ru = waa, D =RuaDa,

= RuaRypMop and a), = Rj0aq. Then (13) and (20)
1mmed1ately yield

O0=0 and Z'=2, (41)

and the transformed generators 2, M,,, and D) satisfy
the relations
& 28, =2,2%, (42)
[D;“ &) =6z " +ia, D), (43)
! ! !/ 1 !/
MW = (ZIZMDV — quu)Z' (44)

3 Covariant realizations

A realization of the NC coordinates 2, in terms of ordinary
commutative coordinates and their derivatives was found
using the Bargman representation and the methods de-
veloped in [37-39, 47, 48]. The goal of this section is to find
covariant realizations of the algebra generated by the NC
coordinates Z,,, the rotation generators M, and the Dirac
derivatives D,,. The realizations are found in terms of func-
tions of the ordinary coordinates x1,zo,... , 2, and their
derivatives 01, s, ... ,Op, which generate the Heisenberg
algebra [z,,z,] =[0,,0,] =0 and [0,,z,] = 0,,. In gen-
eral, these functions will satisfy a system of coupled partial
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differential equations (PDEs) determined by the commu-
tation relations for £,, M), and D,. In the following we
derive such systems of PDEs, and next we consider their
solutions.
The most general Ansatz for £, is
2, =2aPau(A,B), (45)
where @, is a function of the commuting variables A =
iad and B = a?0?, and it satisfies the boundary condi-
tion P,,,(0,0) = d4,. This realization is covariant under
the orthogonal transformation R € SO(n) (c.f. Sect. 2.2

and xL =R, a%a, 0, = Rua04), i.e. under the action of the
generators,
0 0
0
M,, = 2,0, — 2,0, +a, 0a, W da, (46)

We consider the particular form of the above Ansatz given
by

z, =z,p+i(ax) ((‘9“,31 + iau82,32)

+1(20) (ayy1 +ia*9u72) | (47)

where @, (; and ~; are functions of A and B. We impose
the boundary conditions of ¢©(0,0) =1 and of 3;(0,0) and
7i(0,0) being finite in order to ensure the smooth limit
&, — x, as a — 0. Substituting the Ansatz (47) into (1), we
obtain the following system of differential equations:

dy Op 1910
0A% " B(aA A B>ﬂ2

o) o)
+<A8A+2383>
O O dp
29B% <8A 245 )61

Oy 1910
—<A8A+2B8B>72+<p72—0,

—p(n—-1)=0, (48)

(49)

_235ﬁ2> o—B <5ﬁ1 _2A3/31> 5,

0B
0A 0B 0A
0082 0fs 0 00

+B<8A —2AaB>ﬁl+<AaA +zBaB>71

082 052

— (B +2AP1B2) + BBay2 — 2620+ 1 =0,

0 0 0 0
_(2 ’71+ ’)’2)90_'_( M _9y 71)/31

0B 0A 0A
072 072 o o
+( 24 )Bﬁ2+(AaA+2BaB>

( 5’?2

(50)

872> Mn+7Bi—-m—-1)=0. (51)
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Next, we consider realizations of the rotation algebra
SO, (n). We assume that the rotation generators are given
by the Ansatz

My, = (2,0, —

+i(z,a, —

2,0u)F1 +1(20)(a,0,
xl,au)82.7:3,

— a,,au)fz
(52)

where the functions F;, 2 and F3 depend on A and B
and satisfy the boundary conditions of F7(0,0) =1 and of
F5(0,0) and F3(0, 0) being finite, respectively. The bound-
ary conditions imply that M,, becomes the ordinary ro-
tation generator as a — 0. The Ansatz is antisymmetric in
the indices p and v. Now we can calculate the commuta-
tor [M,“,, M),] by inserting the Ansatz (52) into (4). This
results in the system of equations

0F;3

Fi=1, 94

OF:
(.7—'3+A8A>}'2 2F3=0. (53)

Since F> is uniquely determined by F3, these equations
provide a realization of the algebra SO,(n) in terms of an
arbitrary parameter function F3. However, M, and £, are
required to form the extended Lie algebra (6); hence F3 is
related to the functions ¢, §; and ~y;. This relation can be
shown either directly from (6) or by using a realization of
the Dirac operator D,, and (23).
We assume that the Dirac operator is given by

D# = aﬂgl + iau82gg .

Here the functions G; and G5 depend on A and B and sat-
isfy the boundary conditions of G1(0,0) = 1 and of G2(0,0)
being finite, respectively. Inserting (54) into (9), we obtain

(54)

V1—=a2D?—iaD = Gy, (55)
0G1 0G1 G1
oA? T ( A +2AaB> Bb:
+ (g +Aagl +2BagB> =0,
(56)
G, 0
B<,0+ (2‘46% gl) B
<91 +A +2BaagB> 72 =0,
(57)
) Gy 0
G106+ 8?:90+2Ag2ﬂ2+3 <2A ;’g — 8?:) B2
) )
+(2QQ+A8’CX+2BGQ§>’Y1=QL (58)
G161+ (2g2 +2B ) w0+ 2AG2 1
0Gs 3g2
+ (2A e ) BG;
(292 + 8% AT 232%) Bya=Gi.  (59)
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Equations (55) and (20) imply that the inverse shift opera-
tor has the simple realization
Z ' =Gip. (60)
The system of PDEs for the unknown functions ¢, g;,
vy Fi and G; is too difficult to solve in full generality. We
will reduce the system to a manageable form by consider-
ing special choices for the functions (1 and (2: 81 = B2 =0,
and 81 =1 and B3 = 0. In each case, we obtain an infinite
family of realizations parametrized by the function ¢. We
call these realizations type I and type II, respectively. In
realization, (47)—(51) imply

Ty =zup+i(20) (aum —|—ia23u'yg) , (61)
where
(1+55) ¢
Y1 = 9 ) (62)
o— (%5 +2B3%)
2
o= — 8839" - (63)
— (485 +282%)
Furthermore, (56)—(59) yield
1 1
- . Go= . 64
D= P 0t a) (64

We note that, in view of (60), the shift operator is given by

Z=1+4+ . (65)

¥
We are now able to find realizations of the rotation gener-
ators M,,, . Inserting the realizations for £,,, D, and Z into
(23) and comparing the obtained expression with (52), we
find

Fi=1,
Oy _ Bap
M, By <1+ )(p By
Fo= 140 = :
¢ 2 (A6*0+QB )
Fa = . 66
=y, (66)

Note that F; =1 is consistent with the expression earlier
obtained in (53). Next, we find a realization of the Laplace
operator O that is uniquely determined by (13). Using
the realizations for Z and D,, in (64) and (65), we obtain

V1—a2D2% =1 —a?0?G,. Therefore, (13) yields
1
O=0?4, where H= . 67
p(p+A) (67)

Note that, since ¢(0,0) =1 and A — 0 as a — 0, in the limit
we have (1 — 92 as a — 0. For realization IT we have 3 = 1
and 2 = 0. Repeating the above calculations in the second
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realization we find

&, =200 +1(az)0, +i(ad) (aum +ia®0,y2) ,  (68)
where
o
(1+55) ¢
Y1 = o 9 ) (69)
w— (AaA —|-QBBB>
_ -2+ A3
Y2 = o 90\ (70)
P (AaA +2333)
The functions G; and Gs are given by
1
G = , Go=0, 71
" Ve+Ar+BT T ™
and the shift operator yields
A\? B
Z = 1+ ) + . 72
\/< ® ©? (72)
Similarly, for F1, F2 and F3 we obtain
Fi=1,
~ 14 9%
1 A
Fa= = ) 5 ’
¥ ‘P‘(Aaf;‘FQBag)
F3=0. (73)

Note that F7, F2 and F3 in all realizations are consistent
with (23). Furthermore, for the Laplace operator we have
O = 0?>H where

2 I B
B (1—(p+A)G1) = B (1 \/(<p+A)2+B> )
(74)

H:

3.1 Special realizations

Of particular interest are some realizations obtained for
a special choice of the parameter function ¢. In the re-
alization of type I we consider the left, right and sym-
metric realizations corresponding to ¢, =1—A, pr =1
and pg = A/(exp(A) — 1), respectively. One can show that
in the left realization the derivative operator 0,, becomes
the left deformation derivative 8;;. Similarly, in the right
realization the derivative operator 0, becomes the right
deformation derivative 85. The symmetric realization is
related to Weyl’s symmetric ordering of the monomials in
Z,. In the realization of type II we consider the natural
realization corresponding to ¢n = — A+ /1 — B. In this re-
alization the Dirac derivative is simply given by D,, = 0,,.
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For the left realization we have 81 = 83 =0 and ¢y, =
1— A. Inserting ¢r, = 1 — A into (61)—(67), we find

g, =x,(1-A), (75)
1,
M,, =z,0,—x,0,+ 21(:1:“al, —z,a,) . A82 ,
(76)
D, =d.+ 'O, (77)
1
Z =
L (78)
1
O= 2,
1_A8 (79)
It follows from (75) and (78) that
(O, 8] =0 Z 7 . (80)

Thus, in view of (30), we see that d,, is the left deformation
derivative 9. For the right realization we have §; = 3y =
0 and pr = 1. Repeating the calculations with pg =1, we
obtain

Z, =z, +ia,(z0), (81)
M,, =z,0, —x,0, +1(z0)(a,0, — a,0,)

+ ;(xual,—ayxu)(ﬁ, (82)

1 iay,
D”_1+Aaﬂ+ 2|:|, (83)
Z=1+A, (84)

_ 1
O= 1+A8 . (85)
In this case,

[a,uy ju] = 6;“/ + iava,u ; (86)

hence, a comparison with (32) shows that 9, is the right de-
formation derivative OF. For the symmetric realization we
have 81 = 82 =0 and ps = A/(exp(A) —1).

This realization corresponds to the symmetric Weyl or-
dering [28]. It also follows from the universal formula for
a general Lie algebra [59], after inserting the structure con-
stants from (2). We have

R A . et—1-A
xu—xueA_l—l—lau(xa) (eA—1)A " (87)
4-1-4
M, = 3,0, — 2,0, +i(20)(a,0, — a,0,) e
(88)
ed—1 ia
Dy=",4a Out Q“D, (89)
Z = eA, (90)
(e —=1)%,
O=" 204 0 (91)
and

1—s

O, &) = dpvips +1a,,0, 4
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For the natural realization we have $; =1, 32 =0, and
on = —A++/1— B. The natural realization is a special
case of the realization of type II in which the Dirac deriva-
tive D, = 0,G1 + ia,ﬁQgg simplifies to D,, = 0,,. In view of
(71), this holds when pn = —A + /1 — B. Then we have

o= (AL B) a0, O
MI“/ = x,ﬁy — xuau ) (93)
D, =0, (94)
1

7 , 95
—-A++1-B (%)

_ 2 2
D_B<1_¢1_3)a. (96)

In the natural realization it is easily shown that the rota-
tion generators M, are given by (23). Indeed, (92) and
(94) imply that

(@,Dy—2,D,)Z = (2,0, — ,0,)0Z . (97)
However, pZ = 1; thus, (93) and (97) yield
M,y = (2,D, — &,D,)Z . (98)

3.2 Hermiticity

All relations of the type [Z,,&.], [Mu, Mxp), [Muw, &2,
[Dyy; Do), [Myu, D] and [Dy, 3], Le. (1), (4), (6), (7), (8)
and (9), are invariant under the formal antilinear involu-
tion:

il =i,, Di=-D., M, =-M,,
c=¢, ceC. (99)

The order of elements in the product is inverted under
the involution. The commutative coordinates x,, and their
derivatives 0,, also satisfy the involution property: acL =z,
and 8}, = —9,. Then the NC coordinates &, are repre-
sented by hermitian operators. However, (45) is generally
not hermitian. The hermitian representations are simply
obtained by the following expression [28]:

L (xadsw + (ot ),maca) : (100)

~h _
Tu=,
However, the physical results do not depend on the choice
of representation as long as there exists a smooth limit
Z,, — x, as a — 0. Therefore, we restrict ourselves to non-
hermitian realizations only.

4 Star product

Recall that in Sect. 3 a general Ansatz for the NC coordi-
nates was introduced,
Z, =xaPap(A, B),

D0,,(0,0) = bay - (101)
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Let us define the vacuum state by |0) = 1 and 9,,|0) = 0 and
fix the normalization condition by &,|0) = x,. For a given
realization @, there is a unique map sending monomials
in the NC coordinates £, into polynomials of the commu-
tative coordinates x,. This map is given by

k
H &,]0) = P(a), (102)

where Py, is a polynomial of degree k. We also have the dual
relation

k
[T 0 = Pr(@)l0), (103)

where Py, is also a polynomial of degree k in 2. For example,
in the left realization we have

k
Hj:lii 10) = zpy (Tuy —iap, ) (Tpg —i2au,) - ..
i=1
X (2, —i(k—1)ay,), (104)
together with the dual relation
k
12w =8 280, ... Z,,10) . (105)
i=1
Similarly, in the right realization we find
k
Hj;lli 10) = (zy +i(k—1)au, ) (2, +i(k—2)ay,). ..
i=1
X (@, Fiag, )T, (106)
k
1z =2"%"Y4,,24,, ... 22,,0). (107)

=1

One can obtain similar expressions for the symmetric real-
ization [28]. It is interesting to note that in the realization
of type I when ¢ = p(A) the following relation holds:
. —ak
e'*?|0) = exp (i p(~ak) kx

ps(—ak) ) 7

where k € R” and ¢g(A) = A/(exp(A) —1). In particular,
in the symmetric realization when ¢ = g, we have

(108)

e 710) = ™. (109)
Similarly, in the natural realization one can show that

eiki|0> — eiPN(k)m , (110)

1 k2
A= s ak) (’“ " 2pg(—ak) ) - @)

Equation (102) defines an isomorphism of the univer-
sal enveloping algebras generated by Zi,Zs,...,Z, and
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T1,T2,. .., Ty, respectively. This can be extended to a for-
mal power series by

F(@)[0) = f(z),

where the function f depends on the realization ®,,.
The Leibniz rule and the related coproduct Ad, follow
uniquely from the commutator relation

(112)

[a,uyfi’u] :Q,uu(AyB) (113)
and the conditions 9,,/0) = 0 and Z,,|0) = z,.

The star product of the two functions f(z) and g(z) is
defined by

(f*9)(x) = f(2)3(2)]0) .

We emphasize that the star product depends on the real-
ization @,,. The result relating the star product and the
coproduct obtained for the noncovariant realizations [28]
can be extended to covariant realizations of k-deformed
space, (1), as follows:

(114)

L, (115)

z=
y=u

(f%9)() =m (e (A=20% f(z) @ (y))

where m is the multiplication map in the Hopf algebra, and
NoOy = 0, ®14+1® 0, is the undeformed coproduct.

4.1 Star product for the realization of type |

In this subsection we discuss the star product in the real-
ization of type I assuming that the parameter function ¢
depends only on the variable A = iad. In view of (61), we
have

&, =zup(A) +i(z0)auy(4), (116)
where
1+¢'(A
= DL o=t
e (4)

In order to find the coproduct Ad,,, we note that in this re-
alization 0, = go(A)@llf. The coproduct for 85 is given by
(34); hence

ADy, = Np(A) Ay

1
= 00(A) | OIS .

Inverting the expression for the shift operator Z =1+
A/p(A), we find
A=(Z-1)+¢'(0)(Z-1)%+--, (119)

which, together with AZ = Z® Z, allows us to calculate
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the coproduct A@(A). Then, to second order in the param-
eter a, (118) leads to

N, =02 [1 L0 Ay + (£0)+ (0 + () A,
+ w"(O)Aﬂ

+ 0 {1 +(1+¢'(0))A,
H(0)+ (0 +60)) Audy
e 042 (120)

where A, =ia0” and A, = iad?. Consequently, the star
product from (115) is given by

(f*g)(u)
= { 1+ud” |:90,(0)Ay +(©"(0)+ (¢'(0)* +¢'(0)) A, 4,
+ ; w”(O)Aﬂ

T ud, [(1 L) As+ (2(0) 1 (£0)° +(0)) Ao A,

1
04,
1
+ o [P (0)ud" Ay + (1+ ¢ (0)ud? A, }f(w)g(y)
=
(121)
One can show that the dual relation holds
(f*9)pa) = (9% f)p(-a)-a, (122)

where the star products correspond to the functions ¢(A)
and ¢(—A) — A, respectively.

4.2 Star product for special realizations

In this subsection we give the star products in closed form
for the left, right and symmetric realizations, as well as the
star product to second order in a in the natural realization.
For the left realization we have o1, =1 — A; now

(f*9)gy, (u) =e 2% f(2)g(y)| ,_,, - (123)
y=u
For the right realization we have pr = 1; now
U 4 x
(f*9)on (u) = e P4 f(2)g(y)|,_, (124)
y=u

The “left” and “right” star products satisfy the symmetry
relation

(f*g)saL = (g*f)saR . (125)
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For the symmetric realization we have opg=A/(exp(4)—1);
now

(f % 9)pg(u) = ea(B7200% f(z)g(y) s (126)
where
Do0y = 0, + 05, (127)
P e o
In this case, we have
(f*9)psa) = (9% fpg(-4) - (129)

The symmetric realization ¢ = ¢g corresponds to the
symmetric Weyl ordering [28]. Our closed form results,
(126) and (128), are in agreement with the general se-
ries expansion for the star product of the Lie algebra
type NC space [60]. For the natural realization we have
on = —A++/1—B. In this realization 9, = D,; hence
the coproduct A, is given by (27). One can show that
to second order in the parameter a the star product
yields

T ia T
(_a;z - QCLI; ai(aa)2> AZJ

2 He

= Lgzaz any +iau<1+Ax)5””ay]

1 T : T QT ¥
Ut [aﬂagAg—muaya OYA, — a,a, (0 ay)ﬂ}

x f(x)g(y)| (130)

r=
y=u

where 070Y = 020%.

4.3 Equivalent star products

So far, we have considered the star product for some spe-
cific realizations of type I and II. We point out, however,
that infinitely many realizations of the star product can be
constructed by similarity transformations of the variables
x,, and 0,,. In the following we consider the star products
obtained by similarity transformations starting from the
right realization.
Recall that in the right realization we have
By =)y +ia, (N, (131)
and the star product is given by (124). (From now on the
variables x,, and 0, used in the right realization will be
denoted by xf} and 85, respectively.) The similarity trans-
formation is defined by
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z, =85S, (132)
Oy =S""9,S. (133)

Clearly, the new variables x,, and 0, also generate the
Heisenberg algebra. We define the vacuum condition on S
by S|0) = |0). In view of (124), the star product induced by
the similarity transformation S'is given by

(fra)(w) =S (57" f+Sg)  (u)
= Setadads (§11)(2) (S g)(y)

Two star products are said to be equivalent if they are re-
lated by a similarity transformation. For example, if S =
e %94z then

(Fx9)o () =S5 (S fx57"g)  (u);

R

(135)

hence, the star products for the left and right realization

are equivalent. We will show that all realizations of type I

with ¢ = p(A) lie in the orbits of the action of similar-

ity transformations of the right realization. Hence, any two

star products in realizations of this type are equivalent.
Consider a realization of type I,

L+¢'(A)

8= mpe(A) +io,(e0) T E S0 p0) =1, (136)
e (4)
The transformation (z,,8,) — (z)},8}), which maps the
realization (131) into (136), is given by

R _ , ¢'(A)

xu _w#(p(A)+1a#(xa)1_A¢/(A) ) (137)
©(A)
1

o =0, 138
=0 () s

We show that there exists a similarity operator of the form
S =exp(U),

U = (z0) i e A¥ (139)
k=1

such that (137) and (138) are given by zj¥ = Sz,5~" and
O = 58,571, respectively. Then (138) yields

exp(ad(U))0, = 0y (140)

p(A)”

By expanding both sides of (140) into a power series in
A, one can show that the coefficients ¢; are uniquely de-
termined by the function ¢(A). Expanding the right-hand
side of (140) leads to

1 =1
d =0, 1+ g, AP | | 141
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where the coefficients ¢, can be found recursively from

e1=—¢'(0), (142)

p—1
Ep = < ) (k) Ep—ka p=>2.

k=1
(143)

Similarly, the expansion of the left-hand side of (140) gives

exp(ad(U))0, = 0y <1+§:’ypAp> , (144)

where the coeflicients v, are found in terms of ¢, as follows:

m=—c, (145)
——%+§: Vg, pr2. (e
Here,
g = wk) [[ew (147)
|k|=p i=1

where k = (k1,k2,... ,kn), ki €N, is a multi-index with
length |k| = Y7, ks, the function ¥ (k) is defined by

(k)= (1+kp)(1+Ep+kn_1) . <1+Zk> (148)

and the summation is taken over all multi-indices such that
|k| = p. Tt follows from (141) and (144) that

Cl1 = —¢€1, (149)
p
(_1)n n 1
Q=) ¥ ﬁ;>—p'ep, p>2. (150)
n=2 ' '

Note that the coefficient ¢, is uniquely determined by
€1,€2,...,Ccp—1. Hence, (149) and (150), together with
(142) and (143), provide recursion relations for ¢, in terms
of ¢(¥)(0); thus S is uniquely determined by ¢(A). For ex-
ample, the first three coeflicients are given by ¢; = ¢’(0),
c2=1¢"(0), ez = ;" (0)+ ;¢'(0)¢”(0). Equations (134)
and (139), together with ¢; and cg, reproduce the star
product given by (121). This represents an important con-
sistency check of our approach.

Note that our covariant reahzatlons for z,,, (47), and for
D,,, (54), follow from S = eV, where

U = (20)®, (A, B) + (za)9*®4(A, B),

with the boundary conditions of $1(0,0) =0 and of
@5(0,0) being finite.
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4.4 Scalar fields and invariants
on kappa-deformed space

All covariant realizations are physically equivalent. Here
we consider the natural realization zN and ON defined
by D, =09y and M, =z,0) —x, 0 (cf. Sects. 3.1
and 4.2). The realization of the NC coordinates is given
by (92),

Z, = xlljZfl +i(az™)oN

N (151)

Let us consider a scalar field $(2) in the NC coordinates
satisfying [M,,.,, ®(2)] = 0 for all u,v. We define the scalar

field ®(z) in the undeformed space by
& (2(zN)) |0) = B(2N). (152)
The ordinary Fourier transform is defined by
B(k) = / drzNe= k" g(zN) | keR™. (153)
Then using the relation (110),
eim|0> _ eiPN(k):cN : (154)
where Py(k) is given by (111), we find
) = / A"k (k)i P )7 (155)

which holds in any realization of £. Here Py 1 denotes the
inverse function of Py,

lnz-1!

Pl\?l(k)u = Z_l(k)

(k) au 27.2
o (k“+a2(\/1+a k —1)) ,
where

Z7V (k) = V1 +a2k? +ak.

The above relation, (155), represents a construction of the
SO,(n) invariants ¢(2) in terms of #(z) and &(k) by
using the natural realization (92). Alternatively, from (92)
we obtain the inverse mapping

aN
= Z .

\/1—a2 (ON)?

®Z

(156)

Then we find
@ (N(2)) 0) = B(2) .

Both constructions are consistent, and they are equiva-
lent. Furthermore, we define the invariant integration
over the entire NC space using the natural realization, as

follows:
/ () = / A" aNe(zN),

(157)

(158)
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with the property

/431 (2)Bo(2) = / AN (P1 x BN (2N) . (159)
A generalized action of the scalar field ¢(Z) on the NC
k-deformed space is simply the action of the ordinary
scalar field in natural coordinates 2 on the undeformed
space in which pointwise multiplication of fields is replaced
by *-mulitplication in the natural realization. Further in-
vestigation of this problem is in progress and will be pub-
lished separately.

5 Conclusion

We have constructed covariant realizations of a general «-
deformed space in terms of commutative coordinates x,
and their derivatives d, in the undeformed space. Our con-
struction can also be applied to spaces with arbitrary sig-
natures, especially to Minkowski type spaces.

Particularly, we have studied the k-deformed space
whose deformation is described by an arbitrary vector. The
NC coordinates and rotation generators form an extended
Lie algebra. The subalgebra of the rotation generators,
SOg(n), is undeformed. The Dirac derivatives mutually
commute and are vector-like under the action of SO, (n).
By introducing the shift operator the deformed Heisenberg
algebra is written in a very simple way. We have presented
the Leibniz rule and coproduct for the rotation generators
M,,, and the Dirac derivatives D, in a covariant form.

We have found two types of covariant realizations,
which are described by an arbitrary function ¢(A) with
©(0) = 1. We point out that all covariant realizations are
equivalent and can be treated on an equal footing. We have
constructed coproducts and star products for covariant
realizations. There is an important relation between the
coproduct and the star product in terms of an exponen-
tial map for a given realization. Specially, we have found
a few realizations (covariant left, right, symmetric and nat-
ural) which have very simple properties. All realizations
of type I are related by similarity transformations and the
corresponding star products are equivalent. We have con-
sidered scalar fields in NC coordinates and demonstrated
their simple properties using the natural realization. The
constructions of invariants and invariant integration on NC
spaces are also discussed.

Our approach may be useful in quantum gravity
models, specially in 2+ 1 dimensions. In this case, the cor-
responding Lie algebra is SU(2) or SU(1,1) [61-64]. It
would be interesting to classify NC spaces with covariant
realizations in which NC coordinates and rotation gener-
ators form an extended Lie algebra. For example, Snyder
space is of this type, and covariant realizations in terms of
undeformed space exist [65].
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7. Skoda for useful discussions. This work is supported by the
Ministry of Science and Technology of the Republic of Croatia
under the contracts 098-0000000-2865 and 0023003.

239

References

1. S. Doplicher, K. Fredenhagen, J.E. Roberts, Phys. Lett. B
331, 39 (1994)

2. S. Doplicher, K. Fredenhagen, J.E. Roberts,
Math. Phys. 172, 187 (1995) [hep-th/0303037]

3. N. Seiberg, E. Witten, JHEP 09, 032 (1999) [hep-th/
9908142]

4. J. de Boer, P.A. Grassi, P. van Nieuwenhuizen, Phys. Lett.
B 574, 98 (2003) [hep-th/0302078]

5. M.R. Douglas, N.A. Nekrasov, Rev. Mod. Phys. 73, 977
(2001) [hep-th/0106048]

6. R.J. Szabo, Phys. Rep. 378, 207 (2003) [hep-th/0109162]

7. R.J. Szabo, Class. Quantum Grav. 23, 199 (2006) |hep-
th/0606233]

8. P. Aschieri, B. Jurco, P. Schupp, J. Wess, Nucl. Phys. B
651, 45 (2003) [hep-th/0205214]

9. P. Aschieri, C. Blohmann, M. Dimitrijevié¢, F.Meyer,
P. Schupp, J. Wess, Class. Quantum Grav. 22, 3511 (2005)
[hep-th/0504183)

10. J. Lukierski, A. Nowicki, H. Ruegg, V.N. Tolstoy, Phys.
Lett. B 264, 331 (1991)

11. J. Lukierski, A. Nowicki, H. Ruegg, Phys. Lett. B 293, 344
(1992)

12. J. Lukierski, H. Ruegg, Phys. Lett. B 329, 189 (1994) [hep-
th/9310117]

13. S. Majid, H. Ruegg, Phys. Lett. B 334, 348 (1994) [hep-

Commun.

th/9404107]

14. P. Kosinski, P. Maslanka, hep-th/9411033

15. A.Sitarz, Phys. Lett. B 349, 42 (1995) [hep-th/
9409014]

16. K. Kosinski, J. Lukierski, P. Maglanka, Phys. Rev. D 62,
025004 (2000) [hep-th/9902037]

17. K. Kosinski, J. Lukierski, P. Maslanka, Czech. J. Phys. 50,
1283 (2000) [hep-th/0009120]

18. P. Kosiniski, J. Lukierski, P. Maslanka, A. Sitarz, hep-
th/0307038

19. G. Amelino-Camelia, Phys. Lett. 510, 255 (2001) [hep-
th/0012238]

20. G. Amelino-Camelia, Int. J. Mod. Phys. D 11, 35 (2002)
[gr-qc/0012051]

21. N.R. Bruno, G. Amelino-Camelia, J. Kowalski-Glikman,
Phys. Lett. B 522, 133 (2001) [hep-th/0107039]

22. J. Kowalski-Glikman, S. Nowak, Phys. Lett. B 539, 126
(2002) [hep- th/0203040]

23. G. Amelino-Camelia, M. Arzano, Phys. Rev. D 65, 084 044
(2002) [hep-th/0105120]

24. G. Amelino-Camelia, F. D’Andrea, G. Mandanici, JCAP
0309, 006 (2003) [hep-th/0211022]

25. M. Dimitrijevi¢, L. Jonke, L. Moller, E. Tsouchnika,
J. Wess, M. Wohlgenannt, Eur. Phys. J. C 31, 129 (2003)
[hep-th/0307149)

26. M. Dimitrijevi¢, F. Meyer, L. Moller, J. Wess, Eur. Phys. J.
C 36, 117 (2004) [hep-th/0310116]

27. M. Dimitrijevié, L. Moller, E. Tsouchnika, J. Phys. A 37,
9749 (2004) [hep-th/0404224]

28. S. Meljanac, M. Stoji¢, Eur. Phys. J. C 47, 531 (2006) [hep-
th/0605133]

29. L. Méller, JHEP 0512, 029 (2005) [hep-th/0409128]

30. A. Agostini, G. Amelino-Camelia, M. Arzano, F.D’An-
drea, hep-th/0407227

31. A. Agostini, G. Amelino-Camelia,
ciano, R.A. Tacchi, hep-th/0607221

M. Arzano, A.Mar-



240

32. L. Freidel, J. Kowalski-Glikman, S.Nowak, hep-th/
0612170

33. S. Ghosh, Phys. Lett. B 623, 251 (2005) [hep-th/0506084]

34.

35.

36.
37.

38.

39.

40.

41.

42.

43.
44.

45.

46.

47.

48.

49.

S. Ghosh, P. Pal, Phys. Lett. B 618, 243 (2005) [hep-th/
0502192]

S. Ghosh, Phys. Rev. D 74, 084019 (2006) [hep-th/
0608206]

H.-C. Kim, J.H. Yee, C. Rim, hep-th/0701054

D. Bonatsos, C. Daskaloyannis, Phys. Lett. B 307, 100
(1993)

S. Meljanac, M. Milekovié, S. Pallua, Phys. Lett. B 328, 55
(1994) [hep-th/9404039]

S. Meljanac, M. Milekovié, Int. J. Mod. Phys. A 11, 1391
(1996)
S. Meljanac, A. Perica, J. Phys. A Math. Gen. 27, 4737
(1994)

S. Meljanac, A. Perica, Mod. Phys. Lett. A 9, 3293 (1994)
[hep-th/9409180]

S. Meljanac, A. Perica, D. Svrtan, J. Phys. A 36, 6337
(2003) [math-ph/0304038]

S. Meljanac, D. Svrtan, math-ph /0304040

S. Meljanac, D. Svrtan, Math. Commun. 1, 1 (1996) [math-
ph/0304039)

V. Bardek, S. Meljanac, Eur. Phys. J. C 17, 539 (2000)
[hep-th /0009099)]

V. Bardek, L. Jonke, S. Meljanac, M. Milekovi¢, Phys. Lett.
B 531, 311 (2002) [hep-th/0107053)]

S. Meljanac, M. Milekovié, M. Stoji¢, Eur. Phys. J. C 24,
331 (2002) [math-ph/0201061]

L. Jonke, S. Meljanac, Phys. Lett. B 526, 149 (2002) [hep-
th/0106135]

V.P. Nair, A.P. Polychronakos, Phys. Lett. B 505, 267
(2001) [hep-th/0011172]

50

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.
65.

S. Meljanac et al.: Covariant realizations of kappa-deformed space

. L. Jonke, S. Meljanac, Eur. Phys. J. C 29, 433 (2003) [hep-
th/0210042]

I. Dadié¢, L. Jonke, S. Meljanac, Acta Phys. Slovaca 55, 149
(2005) [hep-th/0301066]

A. Kempf, G. Mangano, R.B. Mann, Phys. Rev. D 52, 1108
(1995) [hep-th/9412167]

L.N. Chang, D. Minic, N.Okamura, T.Takeuchi, Phys.
Rev. D 65, 125027 (2002) [hep-th/0201017]

I. Dadié, L. Jonke, S. Meljanac, Phys. Rev. D 67, 087701
(2003) [hep-th/0210264]

J. Wess, Deformed coordinates spaces, Derivatives,
Lecture given at the Balkan workshop BW2003,
August 2003, Vrnjacka Banja, Serbia, [hep-th/
0408080]

M. Chaichian, P.P. Kulish, K. Nishijima, A. Tureanu, Phys.
Lett. B 604, 98 (2004) [hep-th/0408069]

M. Chaichian, P. Presnajder, A. Tureanu, Phys. Rev. Lett.
94, 151602 (2005) [hep-th/0409096]

J. Lukierski, M. Woronowicz, Phys. Lett. B 633, 116
(2006) [hep-th/0508083]

N. Durov, S. Meljanac, A. Samsarov, Z. Skoda, J. Algebra
309 (2007) [math.RT/0604096]

V. Kathotia, Int. J. Math. Math. Sci. 11, 523 (2000)
[math.qa,/9811174]

L. Freidel, E.R. Livine, Class. Quantum Grav. 23, 2021
(2006) [hep-th/0502106]

L. Freidel, E.R. Livine, Phys. Rev. Lett. 96, 221 301 (2006)
[hep-th/0512113)

S.Majid, J. Math. Phys. 46, 103520 (2005) [hep-th/
0507271

L. Freidel, S. Majid, hep/th-0601004

R. Banerjee, S. Kulkarni, S.Samatra, JHEP 0605, 077
(2006) [hep-th/0602151]




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


